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Mathematical Analysis of the Solidification Behavior
of Plain Steel Based on Solute- and Heat-Transfer
Equations in the Liquid–Solid Zone

TOSHIO FUJIMURA, KUNIMASA TAKESHITA, and RYOSUKE O. SUZUKI1

An analytical approximate solution to non-linear solute- and heat-transfer equations in the
unsteady-state mushy zone of Fe-C plain steel has been obtained, assuming a linear relationship
between the solid fraction and the temperature of the mushy zone. The heat transfer equations
for both the solid and liquid zone along with the boundary conditions have been linked with the
equations to solve the whole equations. The model predictions (e.g., the solidification constants
and the effective partition ratio) agree with the generally accepted values and with a separately
performed numerical analysis. The solidus temperature predicted by the model is in the inter-
mediate range of the reported formulas. The model and Neuman’s solution are consistent in the
low carbon range. A conventional numerical heat analysis (i.e., an equivalent specific heat
method using the solidus temperature predicted by the model) is consistent with the model
predictions for Fe-C plain steels. The model presented herein simplifies the computations to
solve the solute- and heat-transfer simultaneous equations while searching for a solidus tem-
perature as a part of the solution. Thus, this model can reduce the complexity of analyses
considering the heat- and solute-transfer phenomena in the mushy zone.
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I. INTRODUCTION

NUMERICAL methods are effectively used to sim-
ulate heat transfer phenomena during solidification
processes. While these methods provide reliable surface
temperatures (i.e., those calibrated with the measured
values), inner temperatures, especially at the solidus
point, are not generally confirmed with the actual
(measured) values.

Themain reason for these problems lies in thedifficulty[1]

of achieving reliable results while measuring the solidus
position during the casting process with an associated
solidus temperature for general carbon steels. In addition,
the fraction of solid in a solid–liquid coexisting zone (i.e.,
mushy zone) remains partly unknown.

With respect to the liquidus temperature, while it is not
also generally measured during the casting process, the
problems are not serious because microsegregation at the
dendrite tips is so small that super-cooling is limited only
a few degrees. Therefore, the liquidus temperature for Fe-
C plain steel can be estimated from the phase diagram or
from measurements which are in reasonable agreement
with each other. However, with regard to the solidus

temperature of steel, discrepancies exist between esti-
mates of solidus temperature based on the phase diagram
and models accounting for microsegregation (i.e., 40 K
discrepancies).[2–5] Recently, Gryc et al.[6] thermoanalyt-
ically measured the solidus temperature for various steel
grades and reported significant discrepancies between the
measurements and the values obtained from reported
formulas (up to 42K) or thermodynamic calculations (up
to 50 K). These discrepancies could lead to considerable
errors while estimating the position at which the shell
develops with a target thickness.
The lack of knowledge about the fraction of solid in

the mushy zone has spurred the onset of numerous
methods based on heat analysis: (A) methods[7–9] assum-
ing a linear relationship between the solid fraction and
the temperature (e.g., equivalent specific heat model); (B)
methods[10,11] assuming the equilibrium lever rule, the
Scheil equation, and back diffusion models such as the
Brody–Flemings model[12] or the Clyne–Kurz[13] model;
(C) methods[14] recovering the temperature with the
latent heat release after solidification. However, these
methods are not always consistent with the real solidi-
fication process. For example, (C) methods assume that
the primary dendrites should grow after solidification.
When the (B) methods are used along the dendrite axial
direction, a flat boundary surface should be assumed for
the dendritic mushy zone. When the (B) models are
applied along to the normal to the dendrite axis direction
(radial direction), diffusion along the dendrite axis
direction should be neglected. However, diffusion along
the primary dendrite axis is not negligible since the
effective partition ratio of carbon is typically close to 0.9
(0.85 to 1.0) for continuously cast steels.[15] Thus, the
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fraction of solid used in the thermal analysis should be
consistent with general findings (e.g., solute diffusions
along the primary dendrites axis) such that these heat
analysis results are in line with general findings.

At the early stage of the solidification process (e.g.,
the chill zone), the issues mentioned above are not
relevant because the mushy zone is not fully developed
and because the solidus and liquidus surfaces are close
together forming a substantially planar boundary.

At the middle stage of the solidification process, the
mushy zone is fully developed, and the solidification
process in this region should be taken into account. Asai
et al.,[16] Hills et al.,[17] and Alexandrov et al.[18] obtained
analytical or approximate analytical solutions assuming
steady-state conditions (i.e., constant solidification veloc-
ity). However, these analytical solutions cannot be
directly used for general solidification processes because
the solidification velocity significantly changes with time.
In addition, general thermal analysis assuming unsteady
state solidification does not provide the data which are
consistent with those obtained from the steady-state
analyses.

In the case of unsteady state solidification at the
middle stage, numerical analyses are generally per-
formed because of the difficulties to obtain the exact
simultaneous solutions for the non-linear heat- and
solute-transfer equations. Takeshita[19] obtained the
simultaneous solutions for the NH4Cl aqueous eutectic
system after analytically eliminating the solid fraction-
related terms in the equations. Although extensive
numerical computation was required to obtain the
unknown solid fraction at the eutectic point where the
solidus temperature and the solute concentration are
given by the phase diagram, the solution was obtained
as simultaneous solutions of the non-linear heat- and
solute-transfer equations.

Regarding the analytical solutions for unsteady state
solidification, Huppert et al.[20] and Alexandrov[21]

proposed models for aqueous chimney-type solidifica-
tions. However, these models focusing on a special
cases, such as a liquidus position develops exclusively
while the solidus point hardly develops, cannot be
applied for the solidification of general steels, because it
is well known that the solidus point typically develops
with the associated liquidus point during the solidifica-
tion of general steels.

The approximate analytical solutions for a multi-
component alloy system have been demonstrated by
Fujimura et al.[22] solving the non-linear heat- and solute-
transfer equations with a moving coordinate system. The
predicted effective partition ratios for a typical steel and
shell thickness were in good agreement with the reported
measurements. However, only the Dilichel conditions (e.
g., constant temperature and solute concentrations at the
solidus point) at the boundaries have been assigned
without adopting the boundary conditions generally
used in heat analysis (i.e., Neumann-type boundary
conditions). Consequently, this solution needs the mea-
sured solidification constants for the solidus and liquidus
positions, and the accuracy of the model predictions
strongly depends on the dispersion of these measure-
ments. In addition, the results of the analysis cannot be

directly linked with the thermal analysis results because
of the insufficient boundary conditions.
To overcome these issues and obtain more reliable

thermal analysis data, we expanded the analyzed regions
to the entire system as compared to the previous model
that considered only the mushy zone. The unknown
solidification constants should be obtained as part of the
solutions upon assigning the additional boundary condi-
tions.
A plain Fe-C binary system is subjected to analysis

since carbon is the dominant solute influencing the phase
diagram. Additionally, the simplifications that help
making a model as simple as possible have been adopted.

II. MATHEMATICAL MODEL

A. Solidification Problems

The solidification problems mathematically modeled
and the volume element studied are schematically shown
in Figure 1. Heat is unidirectionally extracted and a
solid shell is considered to grow from the surface. In the
mushy zone, heat and solute are considered to transfer
by conduction and diffusion, respectively. The main
assumptions made in the model formulation, which are
in agreement with the previous model[22] for multi-
component alloy systems, are as follows:

(1) Heat is exclusively extracted by heat conduction
along the primary dendrite axis (i.e., x axis) direc-
tion.

(2) The density and specific heat of the liquid are the
same as those of the solid in a mushy zone.

(3) The solute is exclusively transported by diffusion via
moderate fluid flow in the mushy zone.

(4) The dependency of the equilibrium partition ratio
and the solute interdiffusion coefficient on the solute
concentration is negligible.

(5) The effect of the dendrite tip curvature on the liq-
uidus temperature is negligible.

(6) Undercooling within the mushy zone is negligible.
(7) The diffusion of the solute, carbon, in the liquid

within the mushy zone is sufficiently rapid to achieve
a homogeneous composition in the direction normal
to that of the heat extraction (i.e., primary dendrite
radial direction) over a distance in the order of the
primary dendrite arm spacing. Generally, the mag-
nitude of the primary dendrite arm spacing in cast
steels (continuously cast or into static ingot) is in the
range of 50 to 500 µm except in the chill zone.

(8) Local equilibrium between the liquid and the solid
surfaces in the volume element is achieved (This
assumption was also considered by Asai et al.,[16]

Takeshita,[19] Huppert et al.[20] and Fujimura
et al.[22]

(9) As considered in conventional heat analysis, the
fraction of solid in the mushy zone is assumed to be
linear to the temperature.

From the mathematical point of view, the heat- and
solute-transfer equations should be simultaneously

METALLURGICAL AND MATERIALS TRANSACTIONS B VOLUME 49A, APRIL 2018—645



www.manaraa.com

solved for the liquid and solid in the mushy zone which
are subjected to the boundary conditions of the moving
solidus and liquidus boundaries at initial conditions.
However, the problem can be simplified upon the
assumption that the boundary values (i.e., temperature
and solute concentration) are constant. The same
assumption was previously made by Asai et al.,[16]

Takeshita,[19] and Fujimura et al.[22]

Another important methodology of the models is
achieved by the assumption [8] as follows: If the models
(B) mentioned before (i.e., the equilibrium lever rule) are
adopted in the volume element, the solidus temperature
should be that dictated on the solidus line of the phase
diagram with the initial bulk liquid concentration
(Figure 1(c) through (f) temperature line). On the other
hand, the solidus temperature is obtained on the
liquidus line of the phase diagram liquidus line where
the residual liquid completes the solidification (Figure 1
(b) through (e) temperature line). This is the key
methodology of the model which was adopted in many
models,[16,19,20,22]

In the following analysis, the diffusion of the solute
along the primary dendrite axis direction (i.e., x axis)
resulting the dilution of the solute in the mushy zone is
considered, and the solute- and heat-transfer equations
will be simultaneously solved.

B. Mathematical Formulations

The preconditions and assumptions made in the
model, which correspond to three zones, [I] solid zone,
[II] mushy zone, and [III] liquid zone, are as follows:

[I zone]

(I1) The liquid initially held at T i is instantaneously kept
at T s at the surface (x=0) and solidification begins.

(I2) As is typical of continuously cast steels, the thick-
ness of the cast steel is large.

[II zone]

(II1) The objective steel is Fe-C binary steel.
(II2) The liquidus temperature is coupled with the so-

lute concentration by the liquidus surface of the
phase diagram that can be represented by the
following equation, as proposed by Kawawa
et al.[23]

T ¼ TM þmC ½1�
where TM is the solidus temperature of pure liquid
(K); m is the temperature gradient of the liquidus line
with respect to the solute concentration (K/pct); C is
the solute concentration (pct) of the liquid in the
mushy zone.

(II3) A linear relationship between the liquid fraction f
and the temperature T is assumed as follows:

f ¼ T � T�

T� � T� ½2�

where T� is the liquidus temperature; T� is the solidus
temperature. The following equation is obtained using
[1] and [2]:

f ¼ kCþ s ½3�
By the definition of solid fraction fs and f, one obtains

1 ¼ fþ fs ½4�
where fs is the fraction solid, λ and s are unknown
constants.

(II3) T = T� at I/II boundary (x ¼ x� solidus point)
(II4) T ¼ T� at II/III boundary (x ¼ x� liquidus point)

[III zone]

The liquid temperature at the center of cast steel is
assumed to remain constant at T i (as will be discussed
later, the numerical analysis showed that this assump-
tion is practically reasonable). We denote the solute
concentration at the liquidus and solidus positions as C�
and C�, respectively, and the following equations are
obtained. At the liquidus point

1 ¼ kC� þ s : x ¼ x�; f ¼ 1 ½5�

T� ¼ TM þmC� : x ¼ x�;T ¼ T�;C ¼ C� ½6�
At the solidus point

0 ¼ kC� þ s : x ¼ x�; f ¼ 0 ½7�

T� ¼ TM þmC� : x ¼ x�;T ¼ T�;C ¼ C� ½8�
Combining [4]–[8], the following equations are ob-
tained:

k ¼ m

T� � T� ½9�

s ¼ TM � T�

T� � T� ½10�

The density, the specific heat, and the thermal
conductivity of each zone are referred as ρi, Cpi, Ki

(i represents the zone), respectively, while L represents
the latent heat. The heat balance equations are in the
three zones as follows:

[I zone]

q1Cp1
@T

@t
¼ K1

@2T

@x2
½11�

x ¼ 0 : T ¼ T s ½12�
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x ¼ x� : T ¼ T� ½13�

[II zone]

q2Cp2
@T

@t
þ q2L

@f

@t
¼ K2

@2T

@x2
½14�

x ¼ x� : T ¼ T� ½15�

x ¼ x� : T ¼ T� ½16�
By substituting [2] in [14] we obtain

@T

@t
¼ K2

q2Cp2 þ
q2L

T� � T�ð Þ

@2T

@x2
½17�

The Neumann’s boundary equation[24] is needed if
mushy zone does not exist. The heat accumulation by
the conduction at the interface and the latent heat
generation due to the moving of interface should be
related to the velocity of moving interface. However, the
boundary conditions are simplified as are used in the
conventional heat analysis for the present case.

�K1
@T

@x

��
x� þK2

@T

@x

��
x� ¼ 0 ½18�

�K2
@T

@x

��
x� þK3

@T

@x

��
x� ¼ 0 ½19�

[III zone]

q3Cp3
@T

@t
¼ K3

@2T

@x2
½20�

t ¼ 0 : T ¼ Ti ½21�

x ¼ x� : T ¼ T� ½22�

These equations are transformed with the similarity
variables defined as [23], [24], and [25] that are conven-
tionally used to yield the ordinary differential equations
as shown below. It should be noted that these transfor-
mations fit well with an infinite molten liquid. However,
the thickness of the continuously cast steel is generally
large enough to yield constant temperature at the central
region of the slab.

g1 ¼
x

2
ffiffiffiffiffiffiffi
b1t

p ½23�

g2 ¼
x

2
ffiffiffiffiffiffiffi
b2t

p ½24�

g3 ¼
x

2
ffiffiffiffiffiffiffi
b3t

p ½25�

b1 ¼
K1

q1Cp1
½26�

b2 ¼
K2

q2Cp2 þ
q2L

T� � T�

½27�

b3 ¼
K3

q3Cp3
½28�

The following ordinary differential equations and
solutions in three zones are obtained by the above
transformations:

[I zone]

�2g1
dT

dg1
¼ d2T

dg21
½29�

x ¼ 0 g1 ¼ 0 : T ¼ T s ½30�

x ¼ x� g1 ¼ g�1 : T ¼ T� ½31�

T ¼ T� � T sð Þ
erf g�1
� � erf g1ð Þ þ T s ½32�

[II zone]

�2g2
dT

dg2
¼ d2T

dg22
½33�

Fig. 1—Schematic of the solidification problem under study.
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x ¼ x� g2 ¼ g�2 : T ¼ T� ½34�

x ¼ x� g2 ¼ g�2 : T ¼ T� ½35�

T ¼ T� � T�ð Þ erf g2ð Þ � erf g�2
� �� �

erf g�2
� �� erf g�2

� �� � þ T� ½36�

[III zone]

�2g3
dT

dg3
¼ d2T

dg23
½37�

t ¼ 0 g3 ¼ 1 : T ¼ Ti ½38�

x ¼ x� g3 ¼ g�3 : T ¼ T� ½39�

x ¼ xc g3 ¼ gc3 : T ¼ Tc � Ti ½40�

T ¼ T� � Tið Þ 1� erf g3ð Þf g
1� erf g�3

� �� � þ Ti ½41�

where T c (η3
c) ≈ T i because η3

c at the center of the slab is
kept large in a general continuous casting (i.e., the
temperature drop of T c is few degrees as shown in the
later chapter).

Note that, the following T1 obtained from [36] by
adopting g2 ¼ 1 was the extrapolated temperature out
the range of the zone (II). This T1 will be used in the
later chapter.

T1 ¼ T� � T�ð Þ 1� erf g�2
� �� �

erf g�2
� �� erf g�2

� �� � þ T� ½42�

C. Heat and Solute Transportations in the Mushy Zone

The solute discharged from the growing solid is
transferred to the solidification direction (along the
primary dendrite axis direction) by diffusion. The
diffusivity, interdiffusion coefficient, of the solute in
the solid was referred as D while that in the liquid is
denoted as E.

The variation of the solute concentration within a
volume element with respect to time is given by

@ f Cþ fsCs

� �
@t

¼ @

@x
Ef

@C

@x

� 	
þ @

@x
D fs

@ Cs

@x

� 	
½43�

where Cs is the solute concentration of the solid surface,
which is in equilibrium with the liquid, Cs is the
averaged solute concentration.

The variation of the solute concentration in the solid
(i.e., the second term of the left-hand side of Eq. [43] is
given by using the parameter α:

@ fsCs

� �
@t

¼ Cs
@fs
@t

þ fs
@ aCsð Þ
@t

½44�

where a is a parameter[16] having a value of 0 or 1 that
defines the diffusion limits in the solid (i.e., α = 0 when
the diffusion of the solute in the solid is negligible and
α = 1 when the diffusion in the solid, such as the case of
carbon, is rapid enough to result in homogeneous
composition over distances in the order of the primary
dendrite diameter).
Cs is related to C with the partition ratio k by the

following equation:

Cs ¼ kC ½45�

Substituting [4], [44], and [45] into [43] yields

@ffð1� akÞCþ akCg
@t

¼ E
@

@x
f
@C

@x

� 	
þ akD

@

@x
1� fð Þ@C

@x

� 	
½46�

Transforming with [24] provides the following ordi-
nary equation:

fkð2� k� akÞCþ sð1� akÞ þ akgð�2g2b2Þ
dC

dg2

¼ kðE� akDÞ dC

dg2


 �2

þfkðE� akDÞCþ sðE� akDÞ

þ akDg d
2C

dg2
ð47Þ

Substituting [1] to the heat balance equation [33] gives

�2g2
dC

dg2
¼ d2C

dg22
½48�

The boundary conditions [34] and [35] can be char-
acterized as follows:

at x ¼ x� g2 ¼ g�2 ;C ¼ C � ; f ¼ 0 ½49�

at x ¼ x� g2 ¼ g�2 ;C ¼ C � ; f ¼ 1 ½50�

To simultaneously solve [47] and [48], the unknown
constants are determined to match both the first-order
differential equation obtained by [48] and that obtained
by eliminating the second-order differential terms from
[47]. Integrating [48] twice with [49] and [50] yields

C ¼ ðC� � C �Þ erf g2ð Þ � erf g�2
� �� �

erf g�2
� �� erf g�2

� �� � þ C� ½51�

Differentiating Eq. [51] gives

dC

dg2
¼ ðC� � C�Þ

ferf(g�2Þ � erf(g�2Þg
2 expð�g22Þffiffiffi

p
p ½52�
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Eliminating the second-order differential terms from [47]
and [48] anddefining the constantsF� ¼ 1 andG� ¼ 1 yield

dC

dg2
¼ ð�2g2ÞðF �Cþ G�Þ ½53�

F � ¼ ð2� k� akÞ
E� akD

b2 � 1 ½54�

G� ¼ s

k
ð1� akÞ
E� akD

b2 � 1

� 	
þ akðb2 �DÞ
kðE� akDÞ ½55�

Substituting [51] into [53] gives

dC

dg2
¼ð�2g2Þ

ðC��C�Þ erfðg2Þ�erf g�2
� �� �

erf g�2
� ��erf g�2

� � þC�
" #

F �þG�
" #

½56�

The following equation is a good approximation[22] of
the error-function of η for large η (Appendix A).

erfðgÞ � 1� expð�g2Þ
g
ffiffiffi
p

p ½57�

Adopting this approximation to [56] yields

dC

dg2
¼ F � ðC� � C �Þ

erf g�2
� �� erf g�2

� �� � : 2 exp �g22
� �
ffiffiffi
p

p

� ð2g2Þ
ðC� � C�Þ 1� erf g�2

� �� �
erf g�2
� �� erf g�2

� �� � þ C�
" #

F � þ G�
" #

½58�

The followings expressions are obtained to match [52]
with [58].

F � ¼ 1 ½59�

ðC� � C�Þ 1� erf g�2
� �� �

erf g�2
� �� erf g�2

� � þ C�
" #

F � þ G� ¼ 0 ½60�

Substituting [59] into [54] results in

b2 ¼
2ðE� akDÞ
ð2� k� akÞ ½61�

Substituting [27] into [9] gives

k ¼ m

q2L
K2

b2
� q2Cp2


 �
½62�

Substituting [62] into [5] gives

s ¼ 1�mC�

q2

K2

b2
� q2Cp2


 �
½63�

Note that β2, λ, and s satisfy [27], [9], and [10]. C� is
obtained using [7], [62], and [63] as follows:

C� ¼ C� � 1

m

q2L
K2

b2
� q2Cp2


 � ½64�

C�
s is obtained with [45] as follows:

C �
s ¼ kC� ½65�

Assuming the concentration of the solute at the
liquidus position is equal to that of bulk liquid; T� ¼ 1
and T� are obtained by using [6] and [8]. The condition
[60] which closes the simultaneous equations is formu-
lated using [1] and [42] as follows:

ðT� � T�Þf1� erfðg�2Þg
ferfðg�2Þ � ferfðg�2Þ

þ T� � TM

� 
F �

m

þ G� ¼ ðT1 � TMÞF
�

m
þ G� ¼ 0

½66�

where F � ¼ 1 as shown in [59]; G � is expressed in
terms of T� by substituting [9], [10], and [61] into
[55]; and T1 is expressed in terms of T�, g�2, g

�
2, and

T� as in [41]. Substituting these G�, F �, and T1 into
[66] gives the following equation which shows the
requirement for three unknown constants g�2, g�2, and
T�,

T1 � T�

T � T� ¼ 1� erf g�2
� �� �

erf g�2
� �� erf g�2

� �� � ¼ 2ð1� kÞ
2� k� akð ÞC

�k

þ ð1þ aÞk
2� k� akð Þ �

akD
E� akD

½67�
where λ is given with T� using [9]. It should be noted
that E in the right-hand side of [67] should satisfy the
following equation given by [27] and [61].

2 E� akDð Þ
2� k� akð Þ ¼

K2

q2Cp2 þ
q2L

T� � T�

½68�

[23], [24], and [25] give the following expressions:

g�2 ¼
ffiffiffiffiffi
b1
b2

s
g�1 ½69�

g�2 ¼
ffiffiffiffiffi
b3
b2

s
g�3 ½70�

Substituting [32], [36], [41], [69], and [70] into the
boundary conditions, [18] and [19] give
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K1ðT� �T sÞexp 1�b2
b1


 �
g�22

� 	

ðT� �T�Þerf
ffiffiffiffiffi
b2
b1

s
g�2

 ! ffiffiffiffiffi
b1

p ¼ K2

erf g�2
� �� erf g�2

� �� � ffiffiffiffiffi
b2

p

½71�

K3ðTi�T�Þexp 1�b2
b3


 �
g�

2

2

� 	

ðT��T�Þ 1�erf

ffiffiffiffiffi
b2
b3

s
g�2

 !( ) ffiffiffiffiffi
b3

p ¼ K2

erf g�2
� ��erf g�2

� �� � ffiffiffiffiffi
b2

p

½72�

Three unknown constantsT�, g�2, and g
�
2 are easily fixed

to match Equations [67], [71], and [72] with the try and
error method (the process is shown in Appendix B), where
K1, K2, K3, β1, and β3 are given by the reported physical
properties, and T i, T s, and T� are given as initial
conditions. The liquidus temperature T� is estimated with
the reported formula[23] and both β2 and λ are expressed in
terms ofT� byEqs. [27] and [9]. It should be noted that the
third term in the right-handofEq. [67] is negligiblebecause
D is significantly smaller than E. Consequently, the three
equations exclusively involve the three unknown con-
stants (T�, g�2, and g

�
2), such that these unknown constants

should be able to be fixed. Fixing the three unknown
constants takes several minutes by manual calculation
with spreadsheets or, alternatively, it can be instantly
obtained if the algorithm shown in Appendix B is used
either with a personal or a tablet computer.

The interdiffusion coefficient E is estimated with
Eq. [61] or [68] after closing the simultaneous equations
(i.e., after fixing T�, g�2, and g�2). The interdiffusion
coefficient D in the solid is referred to reported
measurements. Finally, the solidus and liquidus posi-
tions x� and x�, respectively, as a function of time are
given by Eq. [24] with g�2 and g�2 as follows:

x� ¼ 2g�2
ffiffiffiffiffiffiffi
b2t

p
½73�

x� ¼ 2g�2
ffiffiffiffiffiffiffi
b2t

p
½74�

Thus, the heat- and solute-transfer equations are
simultaneously solved without the measured solidifica-
tion constants (as required in the previous model).[22] The
fractions of solid in the mushy zone are predicted by
Eq. [2]. The temperature in the solid, mushy, and liquid
zones is predicted with Eqs. [32], [36], and [41], respec-
tively. The solute concentration in the mushy zone is also
predicted with Eq. [1] or [51]. It should be noted that the
predicted solidus temperature T� is determined as a part
of the simultaneous solutions.

III. MODEL VALIDATIONS AND DISCUSSIONS

A. Physical Properties

The physical properties used in the model are listed in
Table I. The values selected for the thermal conductivity

in the mushy zone warrant discussion because the
measurements have not been made under the conditions
corresponding to this solid–liquid region, particularly
with respect to the fluid flow.
Thermally driven flow adjacent to the solidification

front can give rise to estimated velocities of 0.001 to 0.01
m/s[8,25] while solidification shrinkage may generate a
fluid velocity of 0.001 m/s.[26–28] Consequently, the
thermal conductivity in the mushy zone could be larger
than that measured in a stagnant liquid. However, this
difference is not expected to be great because heat flow
via conduction is larger as compared to convection at
the low fluid velocities used herein. Moreover, a
significant fraction of solid of the mushy zone consisted
of fixed solid dendrites unaffected by the fluid flow.
Thus, the thermal conductivities[29] measured under
stagnant conditions were used in the present model.
The same argument does not hold when considering

the interdiffusion coefficients in the interdendritic liquid
because the rate of solute transport by diffusion is low as
compared to convection. Hence, the interdiffusion
coefficients measured in a stagnant liquid cannot be
used for the interdendritic region. However, the diffu-
sivity and interdiffusion coefficients of carbon can be
estimated with Eq. [68]. This approach used herein was
also employed in the previous model.[22] The estimated
interdiffusion coefficient, including the influence of the
fluid flow, should be greater than the values measured
under stagnant conditions.
In general, a molten steel at a temperature of around

1812 K (1539 °C) is poured into a water-cooled mold.
Initial solidification begins upon chilling with the water-
cooled mold and subsequent cooling by water spraying.
The slab surface temperature is generally measured with
optical instruments generally installed in the lower
positions of a caster because of the facility restrictions.
Under such circumstances, Meng et al.[30] performed a
reliable and continuous measurements of a continuously
cast 0.45 pct C steel by means of a thermocouples with a
block fed into a mold. Considering their analysis, the
surface temperature is assumed to remain at 1423 K
(1150 °C) during solidification. The molten steel super-
heat (i.e., the over heat of the bulk liquid against the
liquidus temperature) was assumed to be 15 K (15 °C) as
is common for a general continuously cast steel.
The influence of the carbon partition ratio on the

solidus temperature is high while the reported carbon
partition ratios k for a δ phase are in the range of 0.13 to
0.29[31,32] except for the low-carbon steel (0.023 pct C).
The representative value[33,34] of this range (k = 0.225)
was used in this model. This k value can be changed as
discussed in later chapters.

B. Thermal Analysis

The temperature transition of a plain steel (0.15 pct C)
slab with 0.22 m in thickness as predicted by the present
model after 240 s lapse from the solidification start is
shown in Figure 2. The surface T s and initial T i

temperatures were 1423 K and 1812 K (1150 °C and
1539 °C) [superheat DT ¼ 15K (15 °C)], respectively.
The thickness of the mushy zone was 1.4 9 10−2 m and
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the solidification constants for the solidus and liquidus
points were 2.55 9 10−3 and 3.44 9 10−3 m/s1/2,
respectively, which are in the range of generally accepted
values.[1,15] The temperature gently decreased from the
center of the slab to the liquidus point. Subsequently,
the slope increased toward the solidus point while
smoothly passing the solidus point.

The numerical heat analysis was separately performed
(shown by a dashed line). The consistencies with respect
to the solidus and liquidus points between the analytical
solutions and the numerical heat analysis were examined
by using the solidus temperature T� estimated by the
present model. The conventional equivalent specific heat
method (according to the procedure by Katayama

et al.)[35] and the upwind finite difference methods were
adopted in the numerical analysis, assuming a linear
relationship between the solid fraction and the temper-
ature, as assumed in the model. The boundary condi-
tions [18], [19], and the symmetric condition at the center
region of the slab were adopted.
As shown in Figure 2, the analytical solutions and the

numerical analysis were in good agreement with respect
to the temperature and both the solidus and liquidus
positions. Better agreements were obtained upon
increasing the partitioning of the objective slab (e.g.,
the accuracy of the solidus point obtained by the
numerical analysis was less than 0.3 pct with a parti-
tioning of 4000 for a half thickness slab).
Concerning to the drop of temperature in the center

region, it was estimated to be 3 K (3 °C) with the
numerical analysis, and this value is within the accuracy
range of the temperature measurements.[36] Conse-
quently, the assumption of constant temperature at the
center of the slab made in the model formulations was

Table I. Physical Properties Employed in the Model

Property Value

I ρ1 density 7.7 9 103 Kg/m3

zone Cp1 specific heat 0.77 kJ/kgK
K1 thermal conductivity 30.6 W/mK
L heat of fusion 276 kJ/kg

II ρ2 density 7.5 9 103 Kg/m3

zone Cp2 specific heat 0.77 kJ/kgK
K2 thermal conductivity 31.8 W/mK
k partition ratio of C in δ-Fe 0.225[33,34]

D interdiffusion coefficients of solid 6.6 9 10−10 m2/sec[39]

III ρ3 density 7.4 9 103 Kg/m3

zone Cp3 specific heat 0.77 kJ/kgK
K3 thermal conductivity 31.8 W/mK

Liquidus temperature[24] T = 1809 − 78 (pct C) − 4.9 (pct Mn) − 7.6 (pct Si) K

Fig. 2—Temperature distributions predicted by the model and
numerical analysis of a continuously cast steel. (0.15 pct C, T s =
1423 K (1150 °C), DT ¼ 15K (15 °C), t = 240 s, slab thickness =
0.22 m, N = partitioning number of the half thickness of a slab).

Fig. 3—Solute concentration C=C� and liquid fraction predicted by
the model and numerical analysis of a continuously cast steel. (0.15
pct C, T s = 1423 K (1150 °C), DT ¼ 15K (15 °C), t = 240 s, slab
thickness = 0.22 m, N = partitioning number of the half thickness
of a slab).
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reasonable, at least it should be allowed from the
practical viewpoint.

It should be noted that a conventional numerical heat
analysis that satisfies the solute-transfer equation needs
extensive computation to search for the solidus temper-
ature with the associated solid fraction in a mushy zone
which is obtained by the model while accounting for the
heat and solute balances in a large quantity of volume
elements.

C. Material Analysis

The transition of the solute concentration and the
liquid fraction in the mushy zone predicted by the model
is shown in Figure 3. The estimated carbon interdiffu-
sion coefficient E for a 0.15 pct C steel was 3.8 9 10−7

m2/s which was in good agreement with the reported
values by Asai et al.[16] (4.7 9 10−7 m2/s) and by
Fujimura et al.[22] (3.98 9 10−7 m2/s) estimated for a Fe-
0.15 pct C-0.70 pct Mn-0.22 pct Si continuously cast
steel. Although the estimated interdiffusion coefficient
obtained by the model was somewhat larger than that
measured by Grace et al.[37] (2 to 4 9 10−7 m2/s) under
stagnant conditions, this is reasonable as discussed
earlier.

The carbon concentration at the solidus point (de-
fined as C=C�) predicted by the present model was 3.9
and was in good agreement with that estimated by the
previous model[22] for a 0.15 pct C low-alloyed steel
(C=C� ¼ 3:8). The effective carbon partition ratio kef

(0.89) was in the range of reported findings,[15] kef = 0.9
(0.85 to 1.0). Moreover, as shown in Figure 3, a good
agreement between the numerical solute analysis by
directly solving Eq. [43] with the C� and T� values
estimated by the model (long dashed line) and those
predicted from the conventional heat analysis using the
solidus temperature T� estimated by the model (carbon
concentration was estimated by Eq. [1], thin solid line)
was obtained. Thus, conventional heat analysis such as
the equivalent specific heat method using the solidus
temperature estimated by the model provides the solu-
tions not only for the temperature but also for the solute
concentrations. Thus, the present model is considered to
simplify the extensive computations required to simul-
taneously solve the heat- and solute-transfer equations
while searching the solidus temperature and the fraction
solid as part of simultaneous solution.

D. Comparisons with the Neumann’s Solution

The temperature transitions in the mushy zone
predicted by the model and the Neumann’s solution[24]

for pure iron are shown in Figure 4. Again, the surface
temperature was kept at 1423 K (1150 °C) and the
superheat of the initial temperature ðDTÞ was 15 K
(15 °C) for all cases. Accordingly, the initial temperature
for the low-carbon steels was higher than that of the
high carbon steels to keep the same superheat ðDTÞ. As
shown in Figure 4, the temperature profile approached
that of the Neumann’s solution as the carbon concen-
tration decreased. The changes in the solidification
constants of the solidus and liquidus points with respect

to the carbon concentration are shown in Figure 5. The
solidification constants of the solidus point increased
and that of liquidus decreased while decreasing the
carbon concentration. These values converged with the
Neumann’s solution for carbon concentration lower
than 0.025 pct. The errors of the solidus temperature T�
in the process shown in Appendix B exceeded 0.1 K
(0.1 °C) at carbon concentrations lower than 0.025 pct,
and this should be considered as the limitation to use the
model. However, this convergence of the model predic-
tions with the Neumann’s solution[24] is indicative of a
good consistency between the model and the Neumann’s
solution at low carbon range.

E. Solidus Temperature

As shown earlier, the solidus temperature T� was
obtained by matching the three of Eqs. [67], [71], and
[72] with a set of T�, g�2, and g�2. However, this T� can be
explicitly given by [68] as follows:

T� ¼ T� � L

ð2� k� akÞK2

2q2ðE� akDÞ � Cp2

½75�

The solidus temperature T� estimated with Eq. [75]
exactly matches with the set of solutions satisfying
Eqs. [67], [71], and [72]. It should be noted that the
interdiffusion coefficient E for the liquid used in Eq. [75]
is given by Eq. [68].
The evolution of the solidus temperature T� and the

estimated E as the physical properties changed by 1 pct
are shown in Table II. The estimated E value changes
almost evenly with the heat conductivity K2, while the

Fig. 4—Transitions of temperature predicted by the model and the
Neumann’s solution (C = 0 pct) of a continuously cast steel.
(C = 0 pct − 0.15 pct, T s = 1423 K (1150 °C), DT ¼ 15K (15 °C),
t = 240 s, slab thickness = 0.22 m).

652—VOLUME 49A, APRIL 2018 METALLURGICAL AND MATERIALS TRANSACTIONS B



www.manaraa.com

influence of the carbon partition ratio k is prominent as
compared with other independent physical properties.
The solidus temperatures estimated with different car-
bon partition ratios k and those calculated with other
reported formulas are shown in the Fe-C binary phase
diagram (Figure 6). The solidus temperatures estimated
by the model are represented with solid lines while
dotted lines correspond to the approximation errors of
Eq. [57] exceeding 1 pct for the higher carbon concen-
tration range. The solidus temperatures estimated by the
model exist in the intermediate range between those
calculated with formulas by Hirai et al.[3] and Suzuki
et al.[4] and those calculated by Kawawa et al.[2] and
Jablonka et al.[5] The colored area seems to be reason-
able because the effective partition ratio is larger than
0.85 as in the case of a real continuously cast steel
(mostly close to 0.9) and the approximation errors
remain lower than 1 pct. The solidus temperature
predicted by the model is 10 K and 20 K higher than
that calculated with the Kawawa’s formula[2] for a Fe-
0.15 pct C steel when k = 0.19 and k = 0.225 are used,
respectively.

F. Applications of the Present Analytical Solutions to the
Steel Casting Operations

To check the consistency between the model predic-
tions and the actual values, the model predictions have

been compared with the reported measurements by
Kawawa et al.[1] adopting the shoot bullet technique for
a continuously cast carbon steel (Figure 7).
The soliduspositionsweredeterminedat thepointswhere

the bullets stuck with the steel shell. On the other hand, the
points where the bullet fully melted and the composition
became homogeneous with the molten bulk steel were
defined as the liquidus positions (i.e., fs = 0.2 to 0.6).
It should be noted that the liquidus temperature of the

present model (Fe-C binary alloy model) was corrected
(5 K down) in accordance with the formula by Kawawa
et al.[23] because of the effect of additional alloy
components (i.e., 0.7 pct Mn and 0.22 pct Si). This
approach for low-alloyed or low-carbon steels belonging
to the Fe-C binary system was previously used by
Fujimura et al.,[22] and Esaka et al.[39] The further
decrease of the solidus temperature as a result of the
enrichment of Mn and Si in the mushy zone estimated to
be 3.3 K (3.3 °C) according to the previous model for a
multi-component alloy system. A 2.8 K (2.8 °C)
decrease was expected according to the formula by
Esaka et al.[39] was neglected because it is low as
compared to that produced by carbon enrichment (the
error of solidus point, the 240 seconds after the
solidification started was estimated to be 2 9 10−4 m).
The estimated kef value for carbon (kef = 0.9) was in
good agreement with generally accepted values. As
shown in Figure 7, good agreements between the
measured and the estimated liquidus (fs = 0.2 to 0.6)
and solidus lines were also obtained.

Fig. 5—Predicted liquidus and solidus solidification constants and
the Neumann’s solution of a continuously cast steel. (0.025 pct
− 0.15 pct C, T s = 1423 K (1150 °C), DT ¼ 15K (15 °C), t = 240 s,
slab thickness = 0.22 m).

Table II. Effect of an Increase of 1 pct in the Parameters
Over T � and E

DT � (K) ΔE (percent)

K2 − 0.0072 1.02
ρ2 − 0.044 − 0.86
Cp2 − 0.041 − 0.2
L − 0.042 − 0.93
k 4.161 − 1.43
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Fig. 6—Solidus temperature predicted by the model with different k
values and the reported solidus temperature (phase diagram of a Fe-
C binary system).
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The changes in important parameters predicted by the
model for a 0.15 pct C steel with respect to the surface
temperature are shown in Figure 8. The effective
partition ratio and the solidus temperature remained
nearly constant. The solidification constants of the
solidus and liquidus points slightly increased with the
decrease of surface temperature. Thus, increasing the
shell thickness by intensive cooling is not easy and can
possibly result in an increase of surface defects in cast
steel as a result of intensified non-uniform water spray
cooling. Thus, it is easy to study the operational actions
and results with the model proposed herein.

The validation of that represents the homogeneity of
the carbon concentration in the solid within a mushy
zone along the dendrite radius direction was made as
follows:

The numerical analysis regarding to the carbon
redistribution by diffusion in the solid was made
(Appendix C). It was assumed that a cylindrical dendrite
sequentially grew up to 500 lm in diameter according to
fs and the carbon concentration at the solid/liquid
interface changed according to the model predictions.
The total solidification time from the beginning until the
end of the solidification process was 213 second. The
carbon diffusion coefficient in the solid used in the
calculation was D = 6.6 9 10−10 m2/s.[40] The carbon
concentration in the solid mostly followed the enrich-
ment of carbon in residual liquid, although a small
diffusion delay in the central region was observed after

the middle stage of solidification. However, the final
averaged carbon concentration in the dendrite reached
97 pct. Thus, it is considered that remained close to 1
during solidification.

IV. CONCLUSIONS

The solidus temperature parameters directly related to
the solidification constants of the solidus and the
liquidus points were obtained as a part of the solutions
of the non-linear heat- and solute-transfer equations
assuming a linear relationship between the solid fraction
and the temperature. As a result, an estimation of the
temperature profile and solute concentration in the
mushy zone with the overall temperature profiles in the
solid and liquid is easily obtained. The model predic-
tions were in good agreements with generally accepted
values for a continuously cast steel. The solidification
constants were also in the range of those of continuously
cast carbon steels. Furthermore, the predicted solidus
temperature lied in the intermediate temperature range
between the values calculated with formulas by Hirai
et al. and Suzuki et al. and those estimated by Kawawa
et al. and Jablonka et al.
The analytical solutions of the model were in good

agreement with the numerical analysis, and showed
good consistency with the Neumann’s solution at low
carbon ranges. It should be noted that conventional heat
analyses (e.g., the equivalent specific heat method), with
the solidus temperature predicted by this model, provide
the temperature and the solute concentration in the
mushy zone with respect to time. The model simplifies
the extensive computation to simultaneously solve the
heat- and solute-transfer equations while searching for
the solidus temperature and the fraction solid as part of
simultaneous solutions. This model would be beneficial

Fig. 7—Measured and estimated liquidus and solidus positions in a
continuously cast steel as measured by the shoot bullet technique[1]

and the model predictions (the observed liquidus positions are de-
fined as fs = 0.2 to 0.6. Steel composition 0.15 pct C, 0.22 pct Si,
and 0.70 pct Mn).

Fig. 8—Influence of the surface temperature T s on the solidus tem-
perature T �, the effective partition ratio kef and the solidification
constants m� and m�. (0.15 pct C, k = 0.225, and the others proper-
ties are listed in Table I).
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for simplifying the complicated analysis considering the
heat- and solute-transfer phenomena in the mushy zone.
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APPENDIX A

The error of the approximation of the erf(η) is kept
smaller than 0.2 pct for η > 1.73, as shown in Figure 9.
See Appendix Figure 9.

APPENDIX B

The unknown variables, important physical proper-
ties are shown in Table III. The typical carbon partition
ratio k in the δ phase (a wide range of values is reported)
is used. The left-hand and right-hand sides of Eqs. [71]
and [72] are denoted as A, B, and C (B is commonly
used). The unknown parameters minimizing the aimed
function Z defined as follows were sought: Z = (1 − A/
B)2 + (1 − C/B)2

A ¼
K1ðT� � T sÞ exp 1� b2

b1


 �
g�22

� 	

ðT� � T�Þ erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b1

g�2
� � ffiffiffiffiffi

b1
ps !

B ¼ K2

erf g�2
� �� erf g�2Þ

� �� � ffiffiffiffiffi
b2

p

C ¼
K3ðTi � T�Þ exp 1� b2

b3


 �
g�22

� 	

ðT� � T�Þ 1� erf

ffiffiffiffiffi
b2
b3

s
g�2

 !( ) ffiffiffiffiffi
b3

p

D :
1� erf g�2

� �� �
erf g�2
� �� erf g�2

� �� � ¼ 2ð1� kÞ
2� k� akð ÞC

�k

þ ð1þ aÞk
ð2� k� akÞ �

akD
E� akDFig. 9—Error of approximation for the erf(η) used in the model.

Table III. Unknown Variables and Physical Properties Used in the Model and the Equations to Determine Unknown Properties

T � solidus temp. ●
g�2 η for solidus point in mushy zone ●
g�2 η for liquidus point in mushy zone ●
T � liquidus temp. 〇
T i initial temp. 〇
T s surface temp. 〇
C � solute concentration in bulk liquid 〇
K1, K2, K3 thermal conductivity reported value 〇
Cp1, Cp2, Cp3 specific heat reported value 〇
m temperature gradient of the liquidus line 〇
k partition ratio of solute ◎
β1, β3 thermal properties defined by Eqs. [26], [28] 〇
β2 thermal properties defined by Eq. [27] △
λ, s parameter determined by Eqs. [62], [63] △
E interdiffusion coefficient in liquid estimated by Eq. [61] △
D interdiffusion coefficient in solid 〇

● unknown properties
◎ known property with wide variety
〇 known values or properties
△ properties obtained by T �, g�2, g

�
2
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(1) First, the initial values for T�, g�, and g� are given.
The T� calculated with the reported formula is used
as the initial value for T�. The initial g� was 1.0. The
g� was given as g� ¼ cg� where the initial γ = 0.3.

(2) Second, the g� is changed to minimize Z for the
initial T�. Convergence is quickly obtained.

(3) Next, g� minimizing Z is obtained by changing γ
(g� ¼ cg� ).

(4) Substituting g�, g� obtained by the above process to
the left side of [67] provides λ (used in the right side
of the Eq. [67], (D: shown above). Substituting this
into [9], yields the new T�. Using this T� as the
initial T� and repeating the same process mentioned
above [2] to [4] yields the set of (T�, g�, and g�) as
the three Eqs. [67], [71], and [72] match.

(5) This process is repeated until Z < 0.1, and the four
decimal digits do not change in the present analysis.

APPENDIX C

The carbon concentration in a cylindrical dendrite
becomes almost homogeneous at the end of solidifica-
tion due to the rapid diffusion, as shown in Figure 10.
See Appendix Figure 10.
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